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Abstract

A sufficient condition for one convex body to be able to contain another in 3-dimensional
Euclidéan space has been: derived by estimating the kinematic measure of one convex
body moving in another. The equality of estimating mequahty holds if and only if two

~ convex bodies are congruent balls. i

"§ 1. Introduction and Results

In this paper, we have derived a sufficient condition for one convex body to
contain another in three-dimensional Euclidean space by estimating the kinematic
measure of one convex body, K moving in another, In the plane, the sufficient
condition for one simply connected domain to-contain anobher obtained by -
‘Hadwiger™®? is very interesting since it only involves the areas and the
perimeters of two simply connected domains. However, there is no similar result
about convex bodies in space before our work appears.

Let K; (6=0, 1) be convex bodies in 8-dimensional Euclidean space E® aK‘
its boundary. Assume the boundaries of these convex bodies are class 02, We denote
by V', the volume of K iand by F;, M; N, the area, the integral of mean curvature
and the integral of square of mean ourvature .of 9K; resPectiver. We get the
following result:

A sufficient condition for Ko K4 or K1 K, is

822 (Vo+ V) = 3w (FoMl s+ FalMy)
— Z2FGFA[B(NoF st NoFo) — b (Fort Fs) —AMMIY>0. (s}

Above result follows an estimation of the kinematio measure m of one convex body
moving in another, Namely, '

me=>8m? (Vo-t- Ve) — % a5 (FoMyt-F 1My

— Z{2FoFy[B(NoFs+N:Fo) — o (Fot Fu) —AMMIY,  (sv)
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the equality holds if and only if two convex bodies are congruent ball;s.

 §2. Proof

"The proof of (#+) is divided into three steps. First, we derive a density formula;
next, we estimate the integral of total curvature of the intersection of two convex ,
‘bodies; we finally complete the proof by applying Fenchel’s theorem, Blaschke’s
formula and the estimation in the second step. '

1 Let Ko be fixed and Ky move such that 8KOH6K1#@ Then O=0K,N0K, -
s a curve which possiblely consists of several components. Lebt ds be the length
@lement of O at a point PEO and dso, which: perpendicular to ‘O, be the length
element of 9K, at P. Let 6 be the angle between normal lines of 9K ;, & K 1 and 6,,
‘#1 be the angle between the tangent vector of O and one of the principal directions
of 0K, 9K respectively. Denote by dda, day the volume element of 9K, 0K,
Tespectively, ‘

If {P; ey, €s, es} be a moving orthonomal frame fixed on K 4 where @3 is the
mormal vector of Ky, ‘then the kinematio densﬁay of Ky may be ertten as ([1],
198) EEEE ; . Sl . s ‘ ,.

| S GK =GP Adug A dus, o W
where 'dP' i$ the volume element of H3, du, is the volume element of the
2-dimensional unib sphere at the end point of ¢4 and duy is the volume" element of
the 1-dimensional unit sphere at the end pomt of es. ’ ' '

" Because the volume element dP of Spaoe B3 is equal 1o the exterior ploduot of
the surface area element dai of 0Ky with the length element Sdeso of the normalA
Ehne ofaKi, we have® - ° Lo -

 dP=sin 6 ds, /\da1 '
and hence _
ds NP =sin O ds Ads, Aday=sin @ dag Aday, SRC)

On surface 9K, consider a fixed orthonormal frame at point P, whioch is
determined by the unit normal vector and the prmclpal directions, Aboub this
frame, the unit normal vector e; of 9K may be written as '

. (sin @ cos by, sin @ sin Gy; cosh). _
Then the volume element of the 2-dimensional unit sphere at the end pomt of é;.is.::

du2—81n67d:9 N, O<60<2av, 0LI<w. 3
Obviously .
- | duy=d;, 0<0:<2m. - Gk
From (1) — (3)’, we obtain | e e .
ds NdK y=sin?0 day Adays Adf, NdB, \d@. @
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2. Let x be the curvature of 0. We shall estimate the following integral -
[y I=" » (J %-ds'dKi. S e (5)

. 2KonoK1%+¢
Throughout, we shall make use of the following convention on the angles
0<00<2w 0<<61< 2, 0<9<w
We need an expression of Whlch mvolves the normal curvature of 9K,
namely ([3] p. 102)
% sm”(? @) 2+ (25) 2 — 2% ‘”cos&

where % is the normal curvature of oK. i F'rom this, we have
' J %8in20 df = J [ () 2+ (ui}’)z 205 x5 c0s 0]/ 2 sin 6 d49

L = (Bup2e5?) (| ,,;0)__,_ e |.3—_.| 7O — %511) . - ' ©)
If %P>, then «
(3”(0)%(1) (O 4n P2~ |#® — |8 = (37‘(0) i © (%(0))2*_2(”;1));2)

<2(7c(°’+%(1’) — 2w, ™
‘Slm]larly, if #P=>x%®, we have ' _
BHOwE) (040 P~ [~ aD | <P -0, ()
Note that the equalities hold if and only if P = 4P, From (6) — (8), we then get
N % i0 dI <2 (P + 15D) —g-nﬁ,m,{”;,°>, Ay ()
By (9) and _ v
min {”(0)’ w P} = 1 (|0 + 2P| — In},‘”—-xﬁnl)
we obtain- \ , | | v
A usint0d< (a0t 20—, o)

the equality holds if and only if % =,
We need Euler’s formula , _
wd) =55t cos® O+ xf )311120” $=0,1, k)
where %", %y’ are the principal curvatures of K.
From (4), (5) and (10), we have

I<j (0 +40) + 2260 — 22| 1da Adas AdBo Ay, 12y

By (11) and f . cos2¢d¢=Jo sin? g dp =m, we get

J’—g‘ (52X 4 25) dao Aday Ndfo AdB; = 1687’;2 (MoF 1+ MiFy), | 13y

where

| M4=J' L +n)da, =0, 1.
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Aoccording o Schwarz inequalily, we have

j [ — % | dao A das A 6, A d0:< (4ar® 7 oF1) 2 J (5 — D) 2 dao Aday A dfo /\d&i) 172

(14)
From (11) and ‘
I cos*ﬂ;d@;—j sm‘ﬂ;dﬁ;——w, J cos? f, sin 20, do, —-—  :
we have v vl ,
[0 N9 == O+ da=2 My (15)
f(n“’)ﬂdm/\dﬂ — 8 (220 Y da— jx;i>u2>da =S~ dn, (16)

(‘)‘l“%(“ B 3 :
where N, = J —> da; and I %5 %8 da;=4or i the Gauss-Bonnet formula, )
Using (16) and (16), we got i
j@ﬂ» — ) dao \das 8o N8

= 6752 (NoFi"l' Nj_Fo) 8773 (F0+F1) 87:;2M0M'1. (17)
According to (14) and (17), we obtain

"1 = dao A 0o s

<2 {FoFa[6(NoFs+NaFo) — 8w(F0+F1) SMOMﬂ Y/, (18)
“Together with (12), (13), we finally obtain

I<—3— W2<F0M1+F1Mo)

+% T2 I3 [3(NoF s+ NuFo) — da (Fot Fs) — AMoM ]} 2, (19)

* The equality in (19)- holds if and only if the normal curVature of oK, ab any

point and along any direction is equal to that of 0K, and henoe 9K o and 9K; must
be congruent spheres,

3.. According o Fenchel’s Theorem
J % ds=>2
0 .

we have

I>2Wj dK. | '(20)

2K . NoK1%¢

Applying (20) and Blaschke’s formula -
j ARy =802 (V o+ V1) + 2 (FoMy+ Fo M)
KonKi%¢ :
we have

mo=m{K:=Ko or KoKy} =j dK,— IR,

KonKas¢ 2Ken2K1+¢
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>80172(V0+V1) +2W(F0M1+F1Mo) 5= I
>8W2(V0+V1) —3 W(FOM:L‘I'FiMo)

| ——{2F0F1[3 (NJ1+N1F0) —dn (F0+F1) 4M0M1] y,

the equality holds if -and only if oK. 0 0K are' eongruent gpheres. We have
completed the proof,

I would like %o express my gratitude to Professor Ren Delin for hlS
encouragement and teaching.
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