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ON A CONJECTURE OF F NEVANLINNA
CONCERNING DEFlCIENT FUNCTION (Il) |
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Abstract

The paper proves on the basis of [1] the following theorem: Let f(z): be an-entire:
function of lower order p<oo, and a,(2) (=1, 2, :+-, k) be meromorphic functions which
satisfy T'(r, a,(z)) =o{T(r, H}. If

Za(ab(z):f) =1, (@(e)F =), S (@)

then the deficiencies 8(a,(2), f) are equal to’ T, where %, is an integer, I=1, 2, «-, k.

§1. Introduction

In 1930, it was conjectured by F. Nevanlina @ that if f(z) is a meromorphio
funoction of order A<<co and assume 3V8(z, f) =2, then: a) A is of the form n/2,

where n is a positive integer; b) »(f)<2A, where »(f) is the number of deficient
values of f (2); and o)each of the deficiencies is of the form &(a, f)=Fk:/A, where k&
is an interger,

In 1946, Pfluger™ proved the conjecture when f is an entire function. In 1982,
Li Qing-Zhong and Ye Ya-Sheng™ proved thab if (1) holds, then A=y and A is a
positive mteger ‘We prove in this paper the con jecture e) is true under the same

assumptions,

§ 2. The Proof of The Theorem

Bince f(z) is an entire function satisfying (1), it follows from [1] thab
2(F) <w, and then f(z) has k (k<<u) deficient functions @ (), aa(z) -+, a;(2).
Lot ay (), aa(z), +++, as(2) be the largest linear indepedent system and denots
F@, @@, -, a2
L(f) = f'(®, ai(@), -, di(e)

------------------------------

F®@), @), -, o @)
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‘We have known from [4] that both L(f) (z) and f(z) _are _regular growth
~ functions and the order of f (z) is equal 1:0 the order of L( f) (z) And from [5] we
have obtained '

| N(r, <L<f>>-1>_ e, L) _ '. | \.
f i L I .li’i‘, teh, o @

Noticing that N (r, L(f)) =0{T (r, f)}, we geb

K@y X --,L(f}%f{é}’) ><L<f?_>‘1> =0 .
Now we fake p= k( p,) in [6] Theorem 1 and Lemma 5 and thus L(f) satisfies

the assumptions.in the two theorems.’ It follows that -

T(r, L()) =1LD1" (1 0(D), - @y
0 —0@)] o0}, A<o<i6, oL@y
T(or, L)) = A+o(D)o*T(r, L)), DRETNG

: lloglL(f>l—Re{G<zl}l-=o{IO=lo'l}, “€T,—B, 6

where 0 (q') ao-!— { 2 a, 2 b "} and a,, b, al‘e the zeros and poles' of f (z))\

respectlvely, 0= O (a’), a= exp((?»—i—l) “1), Iy is the annulus a"< |Z[<o¢“‘5"/2 E’,W
consists of ﬁmte number of circles and the sum of 1ad1us of these clrcles is no mom-
_then 4e do’*%, whete J is a suﬁﬁc]ently small posﬂuve number,

Proceed on the same way as in [1]: We select p; € [of, 0¥*5/4], so that the circle
| Z| =p; does not intersect Hj, set C;=|0;|". We divide |z| =p; into 2A arcs such
that cos (A§+w;) <O on A arcs o, -+, & and cos(?ﬂ“—k%;) =0 on A ares B, ---, Bi.
Obvlously, o} and B] are apart. ffom each other and the anglar measure of each af
and B is w/A. - We denote by oc’ (@), B (6) the sets )

ol (0) ={6; z=p;: 6°Col}= [¢ ) +av/ Al (assume)
B =16 e=p€BY.
With no loss of generahty we assume O<¢" <-- «4)’ <2w. v

Set z=r¢" in what follows. Smee cos (M—I—'w,) >O for GEBp (0) (=1, 2, «, 1),
it fo].'lows from (6) that ' ' ‘

L

» 10glf(z)—a,(z)|+10g W | .
Llog | L(f) |=10;]r* cos (A0 +wy) +o{|Q,|¢‘}>b{‘| o;|r*}.

Hence

_ L(f 2

Since a,<pw.<3.041, we.have from - (2), (3),. (4)

106l 10 . 1068 TGon B iy .
T, ) 10 T, L) Ty ") &
Combining, (7), (8), we have for »=1, 2, +es; A; 1=1, 2, «ss; -~
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= .. 1 ‘ » 1

T ) T —atoe % :.
+ L(f) (pe") | 0{10 ol ,
<1£{M %) I 108" s e s ag {10 fﬁ} ©

s e log*‘ = S
T o 7)ot 5 | e
%). Then form (9) we derlve for eaeh»l’(l=1 2 o, k),

Put d{., 1=

g (V=1," 2, "" A 1=1, 2, -,

1
3@, - ~lim oy, 108 e e —a o

: 1 Ay J 1 S
13, . - df
<lj—»m§s{ 2aT (pj, f) = o og” |f (pje"’)—az(pﬂ”)l e

=lim de : A (10)

= =
When =1, for each, j, we rearrange df,; in inoreasing order. Since the number

permutation of df,;(»v=1, 2, .-, A)is finite, there exists a subsequence {ji} of { i
which corresponds to a permutation (vi1, vis, *++, w1,) of (1,2, -, X), such thab
dii, ,=>dl >:-->di ;. In the same way, we can obtain a subsequence {j,} of {ji}
and a corresponding permiation. (va1, vaa, vay) of (4, 2 . ?»)‘, such that di: > .
a,,= ->dj:,  and by the same method we can get a subsequenee { _7,,} of { j},
wﬂihout loss the generahty, still denoted by { 4}, such that '

dymi>dp,,y1/ =0, '

di,,a=di,, 2= >d3, ,q,

) P ‘ . dl”’g;vk>dijlﬁ| k>“">d{1k,ﬁk1 ‘

where (vi1, via, *++, vy) i a permutation of (1 2, e A). Let D,,,,=lim d}, ,,(l 1

y=v=y

2+ By n=1, 2, «i, A). It follows obviously from (9) that
D,,,l,l>0 and D,,,,;>D,,, ;> >D,,wl>0 (I=1, 2 e, K).
Denote by D, the smallest non-zero one of D,,,,,, R Obvmusly Dy=D,,5,;>0. Set ¢
D= mm{Di, Dy «, D}, (>0, D
\”I‘hen d,f,,n,,>1)/2>0 I=1, 2, - & n=1, 2, «, N, provlded j is ohosen to be
sufficiently = large, Denote by o, (@) = [gb,,”,,, gb,,,",,+ w/A] the angular sob
corresponding to df,.,;, We take n properly small and I= [d),,,n,,+n, bt
@w/A—n], then I} ,Ca,f,;(0). Furthermore, by (10), the (3. 19) of [1]. holds, that
is, for arbitrary z, z=p,e”, §E€ I}, ,, we have oy
, If (&) —ai(2) | <exp(—OT(p;, £)), 1=1,2, . k,

where 0>0, We can prove in the same way as in [1] that, if laéi(l <l Z<lo) -
and Il ; are apart from each other (n=1, 2, ++., N; m=1, 2 -+, N;). Then there"

k :
oxish (2 N ,) I3, which are apart from each other, and each I,{,n,, corresponds to
=1

only one af, ;. Noticing that the number of af,,,; is no more than A, we have. -
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" Ni+ Nat oo+ Ny<<A. 1L
Wo now prove & (a;(z), f) <N, c/? (l 1 2 70). ‘
We have from (6) for s>0. - ‘ AN
| 10g|L(f)| |o|wcos(w+wj>-o{|o,|w},
v awhen 9606,,,,,, ; (n=1, 2, -, N ,), z=re”, that is

|0 ]q”‘cos(?\.0+w,) +o{[0 Ifr}

1o,
e IL(f)l
Combining the above 1nequahty with (8) we have
1 - 1
2 ) o1 log |f (pﬂ“’) A é
1 LD 00 lgort( 10 ___:g___,_ 9
<2w a%,,,, log* If(p;@”") —a,(pse”) | 2wjaa,n, | oc* IL(f ) (PG"’)I

<of oy NI-1GUEL[  cosorupasroliciley

”m 14

=——I05|P1+0{T(Pj, f)} (n 1, 2, o N U= =1, 2, 7;)

Then there exists a subsequence of {j¥, which wﬂahout loss of generahty is still
denoted by {j}. Thus for I=1, 2, ++-, k, we get hm dd vy 41)1=0, and 11m @i <<1/A,

n=1, 2, e, N; 5 =1, 2, Io Slnce we have assumed that

D,,(N,ﬂ),l—lun &y w1y 1= 0

Jooo

llm dv;(N;+2)71"'11m dm(N;+3),z-— ' —l].m dvﬁn 0.

Then, from (9), and notlomg that (9) holds for any subsequence of {j}, we
obtain

8(@4(5) f) <hm 2 dvmrl\hm Zdﬂsn7l< N ’ (l=1, 2} ""';“-IG)'

“»00 gn=1

" Combining (1) w1th (]l), it follows that

L] LXX] - .
1-315(0 @), H <Dt lakemt e o,

' Then we must have §(a;(?), f) ==+ N‘ , 1=1,.2, .+« b.“We complete our proof,

The authors would like to express 1ih011' sincere thanks to Professor Li Rulfuv
-and Professor Yang Le- for their guidance,’ e
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