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'ON THE CONVERGENCE OF THE PADE TABLE'_

Lm J]ZNG (7};[; ,7‘

Abstract

" This paper offers a general result on the problem  whether there exists an inﬁnib
enbeequence - of [L/M](z) ‘approximants from the (M+1)—th row of the Padé table
"converging to f(s). According to this result one can get the optimum conclusion (mentioned
in the last para.glaph) A

For a glven formal power series

&) =fotfatfutdon W
and for a pair of non—negatlve integers I and M, the Padé approximant. [L/M] (2

0 f(z) is defined to be the rational function [L/M] (z) =-%ﬂ%- satisfying the
. ‘ _ L/ _ : -

formal identity . -
Quu(2)f(2) —Pru(z) =cz”+”+1+ﬁerms of higher degree, @y -
. where Pr/x(2) and QL,H(Z) are polynomials of degrees not exceeding I and M
respectively, QL,M(z) #0 and ¢ is a constant, The Padé table is the double mﬁmte
array of [L/M] (), : '
[0/0] (=) [1/0] () [2/01() -
[0/11() [1/11(z) [2/11(2) -
[0/2] (2) [1/ 2] (Z) [2/2] (2)

: The row of [L/_M] Padé approximants is the sequence o
| [0/M] (z), [1/M] (), [2/M](2), «-. ' 3
One of the main problem aboub the convergence of rows of the Padé table is
whether there exists an infinite subsequence of [L/M] app10x1ma,n_ts from the-
(M ~+1)—th row of the Padé table converging within the largest cirole centered at
the origin which contains not more than M poles of a given function and within
which the function is mero:morphm‘1 2, In 1983 [4] gave a spemal counterexample
Here the author proves a general result as follows.
Theorem.  For any positive number r, and for non—negative integers M and u
» wq,th u=>2, there emsts a meromorphic function f(z) that is analg/tw in the disk lzl <r
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B

* ewcept for M NON-—2ET0 poles {2, 1L, counted accoq‘dmg to multq/plwzty No subsequence of '
the row of [L/M+u] Padé approwimants confvefrges to f (z) on efvefry compact subset of
A{e: Izl <fr}\{z,.},,_1 uni formly. ' . : : '

Pfroof Suppose r=1 without loss of generahzatlon Flrst let M= 0 For
~ integer u and non-zero complex number 8 sa’ulsfymg u>2 and u + 1 + g aé O deﬁne a

funotion C “ Tl o

f(z),‘= (u+1+§) (1—=2) + 1—1z1'z * 1—1225 et 1¥1z;é " '
where 1, 24, za ++, 2 are the u+1 roots of the equation '_é“+1-ﬁ‘1r-% 0,and =

zt='exp (—2—0_%%), 1<i<u.

@

Ob‘nously (@ is analytle in|e |<1 Lt f (z) 2 Frab. Then SRIRES

; u+l .
wrirs 1fL$0(mod(u+1)),

(w+1) (u+e)
. ‘ 3 v o B 1fL 0(mod(u+1)),
Usmg J aeob1 s formula to [L/M] (2)B2 we have v
L - ijﬁlj :B,(s, s),_ ©
where L=p (mod (x+1)), B,(z, s) (z"+z"‘1+ +1)+ez" (p 0 1, 2 ‘~, u) For
présent purpose we ha,ve o show thab there ex1sts a oomplex number & such tha.t

fa= =012 S 6

every B,(z, s) pOSSesses Zeros mlzl <1. For | p=u, We “ohoose ‘& t0 sabisfy
‘ B ——% \arg s<—,
then |14&|>1, and the polynomial -

' 1 -1
B, &)= (1+s)(z+1+6 g +1+ )

has zeros 1n| | <1. For each ﬁxed p( p= 0, 1 ) U= 1), 191; B,, (z, s) H (z mt) eaoh :
o a,pproachmg 2 as 80, From the deﬂmtlon of z,, we have H (2—2;)=2 Uit {- oo

+1. Therefore

ﬁ<z—-wf>”—'1".r<z 'zt>'=sz” T (/)

Put z= wt,E{mt},_1 in (7) and denote d,,,—a;t, zt, Then o V. |

doll @) =~eah. ®

Beoause 0<_?%_E£1_ <2m; and a;t_z,—exp< 2”1 ) if IS,]S sufﬁelent]y Sma]l we have
o))

bt t) N\ o by o
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o arg(mt,_’a't) + + W(ti)l:l;-t) AU u s ift<tp, ) . e
‘ . }(9)..

tpt+t :
| ‘arg(a;t,—-bzt) = —i + W;fi ), if ¢,
"By (8) and 9, for small ’lél we have _
St 2apt, [ (@ :mr(t,,+t)> S (L@ au(t,—l—t)
‘érgd"' warg o+ 2E w1 [;; (2 Ut +.t=2,+1< Tut L ]
m: 2(u—m)—1 ' L. L
._a,rgs . T wty.- . . iy (10)
~ The above formula keeps “valid for any ﬁxed wt,,G {wt}t 1.. Thus we have
' 2 1
. arg dt‘=a’rg(wt Zt) *argcﬂ‘?‘—%*_f—i-—‘—v ’ (t=1 2,. 00 u)-
af we can find a pair of mtegers 70,, and %, (1<t,,<u) such that - .
: ot , 1,00 2wt, , 2.99 N gy
P + 5 ar<argdtp+2lcpav< 1 +—5 ‘a’v, ;? (11)
then L :
= 20t ) 20wty . ) 2avt, o
z,p+d,‘, exp( )48 exp( i+0i exp( RS fz,)(1+89 s
where 5=|d;,| and _];_Ql <0<E—é£ , and @, w111 move into the d1sk lz|<1 1f

we make | 8] (Wlth args ﬁxed) small enoug’h $0 that 8 is small as well. OOnsohda.tmo'
(10) and (11) gives the following inequalities that & should satlsfy R

: 2(u=p)+1 7 1.99 - R
[295(1 k)+—ﬁ_‘ t,] e m:<a.rgs_ . ey

[275(1 k )+M t,] 9.01 . , C12)
However, we have to find some s such that every B,(z, &) (p=0, 1, +-+, u) possessos

zeros in the disk |z |<1 Therefore s should be -chosen so that —-—2-<a.rg s<Z 5 and
for each » (p=0, 1 ) u—l) ‘there ex1sts a pair of integers %, and 4, A<é<uw)

atlsfymg @12). If we oan show that for each p( p= 0, 1, «, u-—-1) there exists a -

.....

‘pair of integers &, and %, (1<t,,< ) sabisfying

11 2(u— p)+1 2.9 ey
5 <2m;(1 k)+ =y m:t,,< 5 % : ~(13)
snhen (12) and (13) give :
| 0.91 _2.9 1.9 1.1 0.00 _1.09
5 W= 5 w =5 W<arg8<.2 w "5 W= 5 - Ty

and finally we can choose some s with 9-211- av<arg‘s<—”25‘ and |¢| small enough, |

" the chosen & can éuarantee the va,lidity of (12) as well as of (11) for every p(p=0,

4, e+, u—1) and sa’ulsfy the mequahtles ——2-<arg s<—2—. Nov? We have to make
certam of (13) A L
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On the assumption of y=>2, and for p=0,1, «--; u—1, we have'inéqualities s

B e TS
v'For any ﬁxedp (_'p 0, 1 .. u— 1), suppose. V ; y | [ ;
‘ 1é1 < 2(uu_|g_):)'.+1> i 2é9 . . ~<15)
Then (18) is true for #,=1 and.k,, 1. If (15) 1s not vahd we have, by (14), elther
0< 2(u;fi+1 . 121 g, A Ry . (16)
or ‘ . s
2.9 W<2(uu—f?[+1 w<om an

In the case of (16), if for every ¢ (=1, 2, ---, u) we have |
: 2w—p)+1 1.1

_ <_ u+1 wS 2 ®
then IR B
2(u-—p)—l—1 1.1
‘ . Py | TUS -5 W
a.nd we a,pply the left-hand slde of (14) to it and gel-
"3y 2(u p)+1 1.1
Wl ST e ST

» that is, <—1—; contrary to the assumption u/2 So we agsume that there exists &

t, such that

2(u—z))+1 1.1 w for t=1, 2, -, f’a.(‘lgtq<.u)r;." o (18)

O< w1 t§'2

1.1 2 : Sl T

St o< 2 fi“ w(tart 1), a9
»Now' 5 e A o ‘

1.1 2-(u—p)+1 2(u p)+1- 2(u—p)+1 C o
e A |
" B 1.,1'7. . 1.1 N . '22 2 9 :“( " . X y . 4 . T ol
STy vt sy Al w e

* this leads to (18) for ¢, = tat1 and kep 1 In the second case of (17), if for every &
(#=1, +, u) we have , S .
'_1 1 ' 2(u~p)+l U
then: ‘ .
i1 2(u ~p)+1 )
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and we apply the rlght—hand gide of (14) to 11; and get

i1 W<( 2ar+———-—2'(u p)+1 aﬂ)u< Y

2 +1 u-+1’

that is, u<—1—l contrary to the assumptlon u>2 Now we assume that there ex:sts

0.9’
~a tg such that _ , _
1 11 <( 2av+i2—(i:_ll_021-ilw)#<0" for §=1, 2, v, £ (1<8s<u),  (21)
’ (_2,,_,_3@_&_?)_-*-1_ m;)(t +1)<— 121 @. - - (2)
" As before, we have '
_22 11 1.1
2 2 2
B 2(u—p)+1 (_" 2(u— p)+1
<( e “)f“"’f L
(o . 2@u—p)+1 ) ) _ 1.1 ’ " oay
( 2 + 2RI " (s +1)<—=5=m, (23)

and (13) follows from | .
—12—1 w< 12 W<2w+< 27!: +M m:)(tb+1)

2(u fp)+l

— 200 (— ) + av(t3+1)<29 (20

for t,—t,3+1 p. Henoce we have proved (13) By the above dlSOllSSlOﬂ we see that
each B,(z, 8) (p=0, 1, -+, u) has a zero in |z| <1 for a fine ¢, and [L/u] (z) has a
pole ab the zero of B (z, s) if Li=p (mod(u+1)) (see (6) and Remarks behind the
proof of Theorem). In the case of M —= 0, the theorem has been proved.

~ Secondly let M >0 and lef _ _ _

f@) = 1—3z’+ 1—%“>ylz+m+ I—S;M_lz + 1?2 + 1_315 et 1-f';uz’ (25).

: whei-e' 1, y4; ya *+, yu—1iare M roots of the equation M f—1=i0;' 21, z;,, -_}., %y ATe
_defined as before, \co, 61, ees, 0, aTO SOmMe complex numbers. Suppose F(z) ‘=i . e,
R ' o o . e i=o

“Then we have A
| PR 0, if j#0 (mod M), - |

Fi=hitgy by {S’M, if =0 (mod M). (26)

. g-=co‘+-ciz{+-3-+cuzﬁ, j"=0 1,2 ., (a7)
Using kg, =3%hz—x to the denomma.tor of [L/M +u] (z) of f (2) in Jacobi’s formula,
we got :
 Quiaiu() = :E U [ YU (1 3”%") . AL'+0(3’L)] ) (28) -
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~where ¢ lies in any bounded set in complex plane, and the polynomial
2 E ... . . 1’

o .‘7:134.-‘14—;4-‘1' -2 '.3M9L-u+‘1‘+ Mgy wowst vt GredMii— 2' 3M9L}1+ 32M9L—ﬁ+1 1
A_L = det . - :

| 9L+M;2 3 9L+3 gL-—M v !]L+M+u_2 3M9L+u+3 gL—M+u -
)
Lot L=0 (mod| u+1)), and eonsuder the followmg K uatlons about Gr—m—us
q
gL—M_u+1, 0ty Jram
r _o. " o1, ___utl
) g"f”’“ 2.3 gL—_u+3 GL-M—u ——“-u+1+87 .
cesecesssesesesesesiorentestestoescataasestsetessnetsesne , }
g . . : (303
_o.3¥ s —__utl .
gL+M—v1 3 9r—1+3*¥gr 1 P ) _ .
v —9.8u 201 — (u+1) (ute)
Lt gy 8 gnu utlte

’Because gr=gre if L=L" (mod(u+1)) (80) offers all g.. On the other hand, the
matrix of coefficients in (30) can be rewritten so that the major terms are located
in the main d_iagonal of the matrix, Therefore (30) has a unique group of solutions
9o, §1, g2, *-, Whioh are dependent on v instead of L. With the sequenca of g., @7y
determines co, €1, °**, Cy as ibs matrix of ocoefficients is. non-singular, and
polynomial 4, is just as Qgu(z) defined by (6).. Aeeording to the preceding
diseussiox_l for the case M =0, we see that fhere,exists a suite,ble & such that the .

1.1
3ys’ Syu-1
v That is, for sufficiently large L, Qz/u..(2) has one zero near a zero of polynomial

" Ay in the region {z: |z| <1, F(2) #o0}. Therefore no subsequence of the row of
[L/M+u] (z) Padé approximants converges to f (z) on every compach subset of
{z: |2]| <1, f(2) #oo} uniformly. The proof is over.

Remarks. By the block construction of the Padé tablem“" we deduce that the

dénominator and numerator of Padé approximant will have no common non—trivial

polynomial 4, has zeros in |z| <1, none of whose zeros are -1—,

faotor if the constant term of the denominator does not vanish. In this case the
gorog' of the denominator are poles of the Padé apprexima,n’o. This gives: an
~auxilliary explaination for the proceeding proof

[4] proved that a subsequenoe of the row of [L/M +1] Pade approximants
converges to f (z) on any compaoh subset of {z: |2| <r}\{z.}iL, uniformly if f(z) is
analytio in the disk |#| <r (r>0) except for these M poles {224 (2,%0) there. By
the above theorem we sonclude this result is the optimum one,

The author is grateful to Professor Wan Dishen and to Professor Su Jiaduo for
their help, ' '
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