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ISOPARAMETRIC HYPERSURF ACES EN CP" WITH .
CONSTANT PRINCIPAL CURVATURES

LI ZHENQI (Z%%é,é‘eﬁ')*

Abstra.ct

Thls paper proves that the numbe:L of d1stmct prmclpa,l curvatures of a reah
lsoparametnc hypelsurfa.oe in CP» W1th cons Fant pr 1nclpal curvatures can be only 2, 3.0r 5-“ i
The = preimage of such hypersurfa.ce under “the Hopf ﬁblatlon is an 1sopa1ametr1c: :

) "hypelsuriage in §2+*1 with 2 or 4 distinet prmc1pa1 ‘eurvatures. For 1eal moparametn& -
+hypersurfaces. in :CP» with 5 distinet constant: prmclpal curvatures a local struetuw”"? :
theorem is given. . . . » JEEITHI

§ 1 Prehmmary

e

An isoparametric hypersurfaoe M in a -Riemannian' mamfold YN ig ek
orientable hypersurface such that each hypersurfaca which is obtained by paralle]i
pranslating” M along normal geodesics in N 'is'of constant mean ‘curvaturet™, E.
QOartan proved that in constant: curvature: spaces 1soparametrlc hypersurfaoas are
the same as the ‘hypersurfaces with constant prineipal ecurvatures, H F.' Miinzner -
pointed out that the number of distinet principal ourvatures of an 1soparametrm
hypersurface in the unit sphere is 1, 2, 8, 4 or 622, . 0o TE '

Let OP" denote a complex n—dimentional projective space with —constant: -
ho]omorphio sectional curvature 4 and m: §2"t1(cC™) -—)OP” be the Hopf fibration..
If M is a (real) hypersurface in OP" then M au‘i (M) is a hypersurfaoe in §+E
and the following d1agram commutes

b _._L...., Sont1

V. M ————CPn AR TN p
Let {eA} (A B O0=1, 2, «, 2fn,) be a.local orthonormal frame such that oy, ie
a unit normal vector. field and: {04}, {64n} Do ‘the dual I-forms and cohnection.

forms r'eSPeetively . Denote by 'éo the ﬁnit vertical veotor - field on 82+ ‘hioh ‘i
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'tangent to the ﬁbre and by 34 the horJzonta.l Lift of 64, i. e., 64 are orthogonal to o
and w, (6s) =e4. If {Bu}, {0uw} (4, B, 0'=0, 1, -. *; 2n) are the dual 1-forms and
conneotion forms associated Wlth {64' ) then by takmg exterior. dlﬂ'erentlatlon of
: 54 o (64) and notmg that' o is & Rlemannl

submersmn Wlth tota,lly geodesw
fibres, we got the relatlonshap between ‘the second fundamental form (k,,) of M °
and (hy) of M (3, j=1, 2, 2rn 1'1, 3,—01 eery 2n—1):

( .hii hco ) (hig Jzn‘)OﬂF, ‘ o . (1.‘1)
Roi. oo Tag O -
where .I 4B ATre the components of the complex strueture J of OP” (see [3])
‘ O ' J(eA) —ZJABeB : .
From thls a.nd the propertles of Rlemaﬁnlan submersuon that ea,ch geodesm norma.l
to. M 1n C ,P" éan be’ umquely llfted to a horlzontal geodesm normal to M in S+
and Ty, ,preéerves Jdength,ef horlzontal yerchor, we have easily :the followmg
propositions, ' T '
Propos1t1on 1.1. M és an @sopwmmetmc hypeq'swrfwce én OP" iff M is an
gsoparametric hypersurface in iU : 7 :
' Proposﬂ:lon 12. Let Mbe a hyperswfaoe m C’P" Then two of the followfang
three conditions. imply the third one:
(a,) M 48.980parametric; . . . .. e
(b) M has constant pmncwpal cumatwres,
. 0).. I (gan).4s: @ principal vector everywhere.
‘ For the proof of Proposition 1.2 we refer the reader to- [7] a.nd nobe that by
assumptlon ot,(b) and (c) we can fake frame {64} 'such  that h;,—?»;&, ~and
63-1=—J (6,) and (1.1) becomes : '

Chaa |0 g (] )

1 0
This means that M is an 1soparametr1c hypersurface in 8§21 with constant
prmelpal curvatures Ay, o0y Agn_a, @1, T where @1, @9 are distinet roots of equatbion:
- @ =Man3w—1=0..Then by Proposition. 1.1 M is isoparametrie. i
.- Basing on these Propositions we get the followmg theorems ‘whose' proofs will
be given in nexf two gections, 2 . A T
‘Theorem A. Let M be an wsopwmmetfrw hypersufrfwce - C’P" with - constant
pmow'bpal curvatures cmd 9 the mmbe'r of distinot prmcfbpal cwrmtwres Then 9=2, 3
or 5. M= m:‘i(M) és an q,s0parrametmc hypersurface in 821 with 2 or 4 distinct
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principal curvatures. o
~ This theorem is similar to H. F. Munzner s resulb menfioned ‘above. From
_ this ’ﬁheorem we can see that the 1soparametr10 hypersurfaee M in sphere with 1,3
or 6 dlstmct principal ourvatures are not compatible Wl‘bh the- Hopf fibration, or
w(M) are 1soparametrlc hypersurfa.ees in OP* Wl‘bh non—constant “principal
curvatbures. . ' ‘

R. Takagl debermmed all the complete hypersurfa.ees in OP" W11-.h g-—2 or 3

_ distinot constant principal curvatures with Q. M. Wang’s: supplement for g=3and .

=2[4,5,81 . Such hypersurfaces mnst be M,, or M (2n —1, §) (for Definition see
{4 5]) From this together with Theorém A we get the following oorolla.ry '

Gorollary For complete ésoparametrio hypeo'surfaces n CP" with constant .
pmmrz,pal curvatures we have @ classq,ﬁcatory table as follows, where g and g are the
numbers of distinct principal curvatues of M and "M respectively, “p. . and “'mult ”
are abbreviations of “principal curvatures” and. multq,plfwfbty aﬂesz)ecmwly

g | poc.of M | mult. ' M . M. o ol g pee.of M mult.
| ctgt 22| : : S fetgt | 20—
N v Mo . [ S¥i(sint) X S(cost) 2 v
2ctg(at) 1 | . v ctg(t___) 1
' 1 M3, . 82+1(sin t) X §2a+t(cost) | otgt 4 2pFl
3 ctg( t—Z 2 o ' 2
: ( 2) o o . ctg(t;—fzi) | 2q+1
2etg(2t) | 1 . ptg=n—1,0<p<n-—1
) ctgt 1
, og(t-F) | »1 | e . ctg(t—%fau) n—1
3 3 | men-1, 0 - H(2n, 1) 4 :
°tg(t Z”) n=1 ’ ’ R B ctg(t‘—l-cm) 1
' 2
2ctg (2t) 11 N 5\
ctg(t———— :m) Con—1
4
ctgt )
. ‘ 1 ctgd 2p+1
ctg(t——ar) m .- : . :
4 : i
1. v . o | . ctg(t 7 ar) m
5 _ctg(t—— ar) "2 m--2p=n—1 . 4 1
. 2 : _ : Lo _ ctg( ?W) aprl
c’cg(t-—i mr) m 3
4 ctg(#—‘-Z w) Lo
| 2ctg(2t) 1

For g=5 in Theorem 4, we have the following theorem. "
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Theorem B. Let M be a complete fl,sOpammetmc h/ypersurface im COP* with 5<
distinot constant principal curvatures. Then through each integral curve ¢ of J(@z,,)
which Gs a geodesic n M ithere are three submamfolds M,, o M§, and M(2m+1, t)
@p+m=n—1) of M. Each of them s perpendicular to othars, tniersecting along ¢,
and lUes in a totally geodesic submanifold OPPL -QP#+t o CP™1 of CP" ags:
osoparmnetm h/yperswface with constant principal curvatures respect%ely

§2 Proof of Theorem A

From now on we t use the followmg convention on the ranges of mdwes unlesw
otherwise stabed: S .
, A,_B o, - -=1 ey 1, i, j, cee=1, oo, m—1,

0, B, 9, see=1, e, n, I cn—1

At first we state a known result in [1] as a lemma: :

Lemma 2. 1. Lot M be a connected hypersurface in CPr, Denote by éa umt’
normal vector field a«n,d A the Weingarton transformation. If on a neq;gkbwkood U of
PoEM, A(J(e)) = J\J(e), then (i) A és constant on U and (ii) 4f XET, WM (pET) s &
princépal 'uectar orthogoml to J(e), A(X) =X, then 2u—A+#0 and A(J(X ))=
A2
2p—A

If M is a connected orientable hypersurface in O’P” then there is a unit:
normal veotor field ¢ defined on M, The auther hag proved in [9] that the number
. of distinet principal curvatures is constant implies that the multiplicity of"
principal curvatures are constant and thereby an orthonormal frame can be-

J(X), 6. e., J(X) s also @ préncipal vector.

chosen 8o that A;=A5;;.. Thus if J (¢) is a principal vector everywhere and the-
number of dastmct prineipal curvatures is constant, then by virtue of Lemma 2.1
we can take local orthonormal frame {es, e2=J (e4)} such that J (6,) =ex=e and e,.
are principal veotors, i, e., : FO

Alen) =Men  Ale) =Moy  Ae) =gy, (?v; -4 }f“ +}j’ | (2 1)
Let {04, 01} be the dual 1-forms, By the parallelism of.J the conneoinon forms satisfy -
Oap= 931;, Oug= —6xz. 2.2).

The Cartan structure equations for OP" are

(d0s= =205 A0s~2025N\05 Oun+0p4=0,

d0z=— 025 NGap— 045\ Op, Oap+054=0,

) dfsz=—3 040 NOoz—Z 0u5 \ B55+6 43,
4045=—2040 \bop— 2045 \ Oy +O 4,
O15=0Ozp=0s\0Op+0: 05 | ,

645 =051 =04\ 05— 02 \Os+28,530, \Oy.

(2 . 3),
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From (2 1) we know that : RS R AL ’
: 0 7\:{0:;-— —0‘1, }“103 nb .05M=2“ﬂ,0,n‘ 5. . ) (2 '4)
The structure equations for M are L

{d9 — —30as\Os, 9a3+ae¢=0, @.5)
‘ daae_—‘zoayf\ayr*'@aﬁ; R
The Gauss equabionis DA B :
» ’Qaé'——)\u?"ﬁgq/\ GB""@GE' TE o L i (2'6)
By(22)and(24)wehave o - S - .
 0y=0g, Oo=—0u, =St 1) 0N @7

Exterior dlfferentlatmg (2.4) gives the Codazzi equatlons
c AMAG; +2(7\-f— M) B N 91"‘2(7“3 A )90/\ 0= (L+ Ay — 7\«7‘4) AN 0m

d7\qf\9+2(7" 3'3)9,:/\9 ‘*‘Z(M 7‘4)9:7/\07——(1““\:7&: A ONG,  (2.8)
: MZ(KJ+7\‘3)91/\93—22<7~7\3 1)0;N6;.

Taking account of the ooefﬁclents of 63 /\03 for each pair of mdmes G, B we geb the
followmg lemma . ' ‘ :

Lemma 2.2. Let M be a connected oréentable hypersurface 4n CP". Denote by e

the unit normal vector field on M and J the ‘complew. structure © f OP". If J(e) is a

. prémcipal vector on M and the number of dzstznct pmncq,rpwl curvatures is constant, then

~ for any pE M there is a Tocal orthonormal frame {ea, ez=J (ea)} neafr P such that 65 6

and (2.1) are satisyied B wurthermore, we have » , :

A (it 20) =2 (Mg —1), @)

dM=0, e,,_(h)—O. _ (2.10)
0s(0a) = (ho— o) O (ew)y " .11)
(A=) 33 (en) = (Ng—23) B3 (en) =0, . o (2.12)
(g— 1) i3 () = A (Ni—1a) 315/2, - B (2.18)

@ a—2Ae)0ca (\%) (Aa—Ay)0. 3(66) (7‘:7 7»5) Osy ("a) : 2 -14)
_ -where a, B, v are distinet and #n. : v s
‘Remarks. (i) From (2.9) we see that A;=2; if and only if A;=A;, A= A if
".and only if ;;=A;. Thus by choosing frame if necessary, We can assume that if -
A=) for some fixed 4, thenA; # A5, MMy for all g
(i) Sinoce A, is constant; A is constant if and only if}; is constant by (2.9).
Lemma 2.3.  Under the assumptions of Lemma 2.2, of ?\, s constant and A% Ay
then A,#0-and ?\.;, 7\4 are the two dfbstmct 700tS8 af equatq,o'n

4
_|__10
?/)?/

Proof Makmg use of the conventlon of Rema.rk (1), by (2 11),. (2 14) amd
(2 2) we have : : i
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0u(6) =On(e) =05 (6) =0y (6) =0, .
: {.Bq(e,)éﬁa(e,) =0_‘ S J#e, = » (2.15)s
From (2.13) we get - &
| | 6’“—20“<e.>0¢——'—’"- S @.16)

2
Takmg exterior dlﬁ'erentlatlon of (2. 16) and - usmtr @. 3) (2 7) we have

2(=3 O\ O+ L+ O, A G+ 61 0,) = —_- 2 +25) 6165 .
'I'akmg account of the eoefﬁclents of NG and noting (2 15) , We' get ’
2(2+Mdg) = —"— ~ (M)
From this together with. (2.9) we see A, 0. and ?t,, 2 are the two dlstmot roots of -
4

—I——— —1=0..
Y Am!/

Let m(?t,) denote the multlphclty of Aa. Then we have the followmg lemma..
I emma 2. 4 Under the assumpt'wns of Lemma 2.2, m(?» ) 1.

Proof Suppose m(As) >1. Then A=A, for Some 4. But 7»; An +—?M—;- 7&}\4 by 2.9y -
~and M= M, is constant. Thus A=A, satisfies the equation g +—;i- y—1=0 by Lemma‘ |

2. 3 and we get Ai+3=0, a contradiotion,

Pfroof of Theorem A Without loss of generahty we may assume M ig

connected. Therefore the eonditions of Lemma 2.2 are satlsﬁed by Prop 1. 2, Seti

SN

An= 2ctg(2t) Then the roots of —7\.,,:0 1=0 are a;i—ctgt and w,—ctg(t—% >;.

when A, #0 the roots of ¢ +—;‘:—”-’I/ 1= O are yi——ctg<t—— av)and yz—ctg(i—— :n:) :

It is elear that @1, B3, Y1, Ya are distinet, If A,;—Aq then by (2. 9) AM=my or wg; if”
A% Mg, then by Lemma 2.3 ), = y1 and A;=ya.- -We shall divide into four cases.

- (a) All M=2=wm4 (or wz) M has 24 stineb principal ourvabures: o4 (resp. ws),
A,,, m (1) =2n—2, m(A,)=1. By (1. 2) we know that M= av'l(M) ‘has 2 distinet
prlnmpal ourvatures: @i, s, m (1) =2n—1, m(ws) =1 (or m(wy) =1, m(a;z) =2n—1)..

=82 (sinz) % 8*(cost) . :

(b) Ao=Az=1, Ap=2A;= 25, I<a<p<r<p+g=n-— —1, M has 3d1st1not prmclpal
curvatures @1, @2y . m(wy) = =2p, m(@s) =2¢, m(A,) = =1. Similarly

M =8+ (sinz) X6’2‘1+1(cost) » :

(c) 7\, *A for all 4. M hags 3 distinet prineipal curvatures yl, Y 7t,,. m(yi) =
m(ys) =n—1, m(A,) =1. M has 4 dlStlDOb principal curvatures Y, Y2, @1, Da..
m (Y1) =m (ys) =n—1, m(wi) m () =1, From [6] we know M =i (2n, t).

(@) MFha, A=Ae=1, " Ay=Ay=s, 1<a<m<r<m+p<u<m +p+g=n—1
P+g>0, P, ¢=0. We shall prove that p= =g and consequently M has.b distinet:
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prinocipal ourvabures: Yy Ys @ Tz . m(yi) m(@/z) =m,. 'rn(wi) m(wz) =2p,
m(A) =1,

From (1 2) we see tha.t M has 4 dlstlnct pl‘lnclpal curvatures Y1, Ya, wi, @a. -

‘The muliuphcmes of them are m(yy) = m(ys) =m, m(wy) =2p+1, m(wz) 2q+1 o
respeotlvely Aooordmg to [2] we have m(a;l) ——m(a;,,) and therefore p= g.

3 §3. Broof -o_f" Th.eore:in B |

‘Uﬁder the asﬁpmpbion of Lemma 2.2 we denote by V (As) the distribution of .

the space of prineipal vectors corresponding o A and discuss the integrability of
V(?».) in thls section to obtain Theorem B. Following ' the notations in section 2,
we seb [a] ={8|As=Aa}. Then 7 (Ay). is spannéd by {eBIBG [el}. If 7 (he) +V (hs)
denotes the dlreot sum dlstrlbutlon then, noting the Remark @) be]ow Lemma
2. 2 by @. 4) (2.14) we can get easily- the following lemmas,

Lemma 3.1, [es el EV () +V (1), Les, ea] EV(M) V).

Lemma 8.2. Ifdim V(?»)>1 then

' -6 (A) —e;(As) —e; (0) = & (M) =0, fOT any JG [, .

“The proofs of the followmg Theorems are straightforward. Only Wll]. we
'present argument for Theorem 3. 5. The o’ohers will be left to the reader,

Theorem 3.8. Su_ppose dim V(?»,) =1. Then the mtegrml cumes o_f V(i) are’.
‘geodew;cs in M (resp. in C’P”) 'z,ﬁ" 7\,, o8 ccmstant (rresp vanishes)

When V(i) is completely mtegrable we denote by M (?\,,) the mtegral'
submamfold Then we have the followmg theorem :

Theorem 3. 4. Suppose dlIIIVO\,,) >1 and M. Then both V(M) and V(?») ars

completely fmtegrrable ‘Both M ) and M (7\.,) are totally ﬁmbwlfbcal submamfolds of OP,
hawng constant cuq’vat'wre

e BTG

. JEl4] }\,j—}v; 7\.;— i
and- - :
. ( 12
1452 { é; (M) e (M) }
’ ‘+}\%+l€2[ﬂ [Aj 7\'; ] [7\:3~7\.; J
respectively ’

Theorem 3.5. Suppose M=X;. and- consequently dim V(A) =2p(p=>1).: Then ‘
V(?»)+V(7\.,,) is completely mtegmble The ntegral submanifold M\, A of
V(?»)—I—V(?») is an open piece of M;o wk@ch lies in a totally geodesw submamfold ,
‘CP#* of OP".

Proof Since My=1,; we have [§]=[7], V(&)= V(?\q) and ?\.; is oonstant by
(2.9). By (2. 11) (2.14) and’ (2 4) we geb s
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8s (370) Bis (9‘) 5 (en) = 3:1 (317) 0, : I -
035 (ex) =045 (ep) = -0 (o) =035(e5) =0, k€ [i], .79:' ["’]r - ‘(3 1)
_ » %, (ew) =03, (e5) = 0 On(oR) = — O (08) = —Md.© ~ * *
From this together with Lemma. 3.1 we can see that V(),‘) +V(A,) is eompletely
integrable, - '

On M(\;, A,) we have 0;;—0 0;= 03—-0 je'_: [41. Thus by (3 1), (2 4), (2.12)
and (2 13) we getion M (A;, A,) '> o
0= 6’;,—9;,—9;3—0,, 0,,,—0,5—0w,v—0 for _76’5 []. ‘ (3 2)
Let M= m,-“(M M ).,.)), where & is.the Hopf fibration, Then {eo, e,., ek,
ek-lk € [4]} and {es, ¢;, e5]j¢ [41} are local orthonomal frame of tangent bundle 751
and normal bundle N of M respeetlvely Equivalently on M° 0;—03—05—0 for
je [i] Therefore by (1. 2) and (3.2) we get on. I ' :
 Bry=05=0, for gEE['b], R (3.9
9@: 0¢5 = '9:] = 933-— 9»9'— 9 3= 90: = 903—0 fQ.l' jGE 1. 3.4
(8.4) shows that M is totally geodesic with respect o normal eubbundle N,
spanned by {e;, &;|j¢ [¢]}. \8.3) shows that Ny is parallel in N M By Theorem 1
of [10] H lies in a totally geodesio submanifold S"’“s of §2m+1 with Ny perpendleular
“to S48 everywhere Thus e, is tangent to §27+% and the restriotion of w on S2°*3 ig
. compatible with @, Therefore 91;(;5’2"“3) OP**1iga totally geodesio submamfold of
OP". Consequently M (Aiy A) 18 8 hypersurfaee in- this OP**! with 2 distinct
constant principal eurvatures. Usmg the result of [4] we have the Theorem,
Theorem 8. 6. Suppose M#N and dim V(M) =m. If A 6s constant, then
V() + V(M) +V (\) @s completely 'mtegfrable The integral submamfold M, Ay Aw)
. és an open piece of M(@2m+1, t) fwhfwh was 'm @ totally geodesw submam,fold cpmti of :
‘ CP”. B .
~ Applying Theorems 3.3, 3. 5 a.nd 3.6 to the case (d) in the proof of Theorem ,
A, we get Theorem B, ‘ :
The auther wishes to thank Prof. Bal Zhenguo and Prof, Sheng Y1b1n for their
useful suggestions durmg the prepa.ra’alon of thls paper,
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