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' A CORONA THEOREM FOR COUNTABLY MANY
~ FUNCTIONS ON A CLASS OF INFINITELY
CONNE CTED DOMAINS

Wane JIax (3 *

~ Abstract

Let D be a domain ‘in the. complex plane, and H=(D) be the Banach algebla of
‘bounded analytic functions on D. Rosenblum proved a corona theorem for countably many -
functions on the open unit disk, Rudol extended the result to the ﬁmtelv copnected domains.

In this paper the author uses Behrens' idea to extend the result to a class of mﬁmtely
, “connected domains. :

§ 1. Introduction

" Let D be a domain in the complex plane, and let H”(D) be the algebra of
‘bounded analytle functions on D. Leb .#(D) be the maximal ideal space of H""(D),
the domain can be identified with an open subset of .#(D), by identifying a point
- A€D with the homomorphism evaluated a A. The corona problem asks whether D
_is denge in .#(D). Oarleson™ proved that the open unit disk 4 is dense in .#(d4).
Stout™ and others extended Carleson’s theorem to finitely connected plannar
domains, and; more generally to finite open Riemann surfaces. It is well know
that D is dense in .#(D) if and only if the following condition holds: If fy; -,
,f,.EH'”(D) and if 1nf 2 |£i(2) |2>0 then there exist gy, +--, g,EH=*(D) such that

 fagabeet Foga=1. Rosenblumm proved a corona theorem for countably many
fanctions on the open unit disk 4, he showed that if {a;} is a sequence of bounded

1/2 ’
analytio functions on ‘4 such that [ {@;} = (sup > a;(2) | ) <oo, then there
oxigty -a sequence {e;} of H=(4) functlons with |{¢;}|.<oo, and satisfying
Z a;e;=1on 4 if and only if 6=1nf’Z Ia,(z) [2>0. If >0, he showed |{c;}|..<65
J=1 2€4 j=1 - ' .

I {a,-} f8% Rudol®™ extended the result to the finitely conneeted domains. In this
“paper we will use Behrens’ idea™ 40 extend the result to a olags of infinitely
connected domains. '

~
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§2 N otatlons and Results

By A—domam We mean a doma.m D obtained from the open unit disk 4 by

~ deleting the omgm and a sequence of disjoint closed disks 4,= A(Cny ) ="z |2—04]
<.} with ¢,—0. Throughout we assume that there exist numbers R,>r, such that
the disks D,=4(c;, R,) are dlsJomt a,nd such tha,t fr,,/R —0. Let H.(z) =ra/(2—¢m)

- for zEA“=C\A,., n=1,2; ... For notational convenience let =0, o= Ro=1
Eo(z) =z. Ohoose a sequence of posﬂnve 1ntegers {Ia} such that 2 (fr,,/R) "<oo

‘ LetL (Z) (E (Z))""—(E (0))’“‘ L(ﬁ) ZL (). - e
 Let H”(AXN ) be the class.of bounded functions whlch are analytlc on each
sllce of 4 %N, and 4 (4% N ) its maximal Ldeal space Let X = .,%(A x ) \U M (A)

X {n}, see[l] for detalls EacthH‘”(D) can be ertten in D \A oLt
iy f(z) (P.f) <z>+w,.<f>+1r (Z), '

avhere -,

(P"f)(Z) L[ f@"‘? () = ZMLA 1O g

2w Joa, [ L—cn
and F, (z) is a.nalyhc in. D,., see [3] for more deta,lls Let dé’o denote the ﬁber in
v./ﬂ(D) at origin and AO—H (D) |4 , ’
Let Q= D or'Ax N, and P eA(Q), { f,} be a sequence of H”(Q) functlons “We
say that @ is weak continuous with respect to {f;}, if for any sequence - {g;} of
H”(Q) functions, q)(z figi) = 2 o(fDe(g;), and that @ is uniformly adherent to

Q, if mf 2[ fi(e) = ¢( i) [2=0 for all { f,} which p is weak continuous with respeet

to. We say that Q is uniformly dense in .#(Q) if every pE€.#(Q) is umformlly .
adherent to Q. It is easy to see that umformly denselty 1mphes denseity.

Theorem 1. Let D be a A-domain wwh fr,./R —0, If q)E% and L(q)) #0, then
@ is unt formly adherent fo D. . .

Theorem 2. Let D bo @ A-domwm Suppose shere ewists a positive énteger m such
‘that Z(Tn/R,.)"'<OO ‘Let (pE./é’o Iffor some fGH'”(D), (f)+#0 but w.,(f)—>0 then

@ is uni formly adherent to D, FEIEE

Theorem 3. Let D be a domain in Theorem 1 or 2, and {w,,( f)} s a Oauchy
sequence of ? Sfor each GH""(D) Then D s ung formly dense. in .// (D).

Theorem 4. Let D be a domain in Theorem 3 If{ f,} is a sequence of H“(D)

funct@ons such thaf, | { f,} o<l 00, 8-1an} | f,(z) |2>0, then there ewists & sequonce of
H"(D) functq,ons {g,}, 1{g:} | <00, such ﬁhat ' -
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§3 Prehmmary Lemmas and Proofs

Let { fit bea sequenee of H=(D) funchons, 1{f |l,,<oo We seb . ‘ .
T=3(f) {5 19 {0} 188 sequence of H=(D) fanctions, |{s) ||°.<oo}

It is easy o see that J is an ideal of H ”(D) _
Lemma 1. Let Q be any domain ordx N, Then Q is ung, formly dense § in .,J(.Q) ’bf
" and ony if the following condétgon holds: If { DA is a sequence of H“‘(Q) Sfunctions,

H{f,}]l <<>o and 8—1nf Zlf,(z) |2>0, then theq’e ewists a sequence of H“(Q) fwwte-ons
{9!}, ﬂ{gz} ||eo<°° such that Ef :91— 1.
Proof Suppose Q is umformly dense in .,%(Q), the cond1t10n mf 2 |fs (z) |”>0

ismplies the ideal J is not proper, Otherwise, there exists a maxnnal ideal m>J > -
{f f}'y thus

0<1nf21f,('~'>I”—meIf;(z)—m(f;)l’ e ¢ )

m i8 weak continuous with respeot to {f}, and henoe the right sude of (1) is Zero
by unlformly densgity, This is a contradlctlon
Oonversely, suppose .Q is not unlformly dense in- .,{/([2) Then some point

my € M (.Q) is weak contlnuous with respeot t0 { f,} such that 1nf 2] f, ‘ mo( f,)]’>
0. It is easy 1o see that §|mo(f p) _|”< 1{f}13%. Let g;=f :'—.mo(f 5), then |{g;}[ <o,
infﬁ]] g,_]’}O, and there ig a sequence of H=(Q) functions {h,}, | {7} ll,,<od such

that 2 g_,,h,—l mo 18 weak contlnuous Wlth respect to {g,} and we have

1=ms (1) 2 mo(g:)m(ha) =0,
a contradiction., : '
. Lemma 2. AxN és uniformly dense én M (AXN).
Proof Suppose {f;} is a sequence of H*(4%x N) functions with

1{f5} u.,—(supz lf,<z w) [H¥i<oo, a—mfz Fie n)|*>0,

By Rosenblum’s solution of the corona theorem for countably many funotlons on
open unit disk 4, there is a sequence of functions {g;m} of H=(4% {m}) [ {gim}|-<M,

where M depends oniy on 3, such that i fi(z, n) g,-,,.(é) =1, -Then {gjn} determines
‘ = a A ; e RS
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v {g,}CH“(AX.N) Wl’ﬁh |I{g,} ||°°<M and then .
| Zf,(z, n)g;(z, n) = ~1 for all (z, n) €4xN,

By Lemma 1 Ax N is uniformly dense in A (A xN).
. H“(D) —>H°°(A><N),
.D'eﬁne
(f)( 'ﬂ) (P,-f) B (=) +w..(f), fGH"“(D)
‘ Lemma 3. LetDbea A-domaim with r;/R,—0. Then @ qmduces a oontq,nuous
algebra lz.sometmc gsomorphism p of A, onto a closed subalgebra By of B=H “(A XN ) l x
as indicated by the following d'bagmm : : :
H*(D,) - v — H"'(AxN)

restriction o J restnctxon .

4y B

Proof See 31. : ‘

The map 6: A (Bo)—>Mo deﬁned by 0(90) (f) q’(p(f)) for 9’6% (Bo), f € 4o,
is a homomorphisra, Note that :

H“(AXN)~ZH°°(A><N)+Z‘”

‘where Z is the cobrdinat “function Z(A, n)=A7, = is the space of bounded
sequences, The sequence {a,( )} is the I"—c —component of @'(f).

Lemma 4. Les TE€H”(AXN) be defined by T (2, n) =g, Therrb p(L) =T and '
_ TH*(4%N)|x+0CB,.
- Ifpe A (Bo) and w(T) aéO then @ extends o an e/valutfbon homomorph'bsm at -pcins of
X. '

Prroof See [3}

Lemma. 5.. Let y €W (Bo) and (p(T) 0, T(z, n) =2, Then the corres pmqu,ng
homomorphism 0(p) in M s uniformly adherens to D,

Proof Suppose ¢(T') #0, Then pE X by Lemma, 4, Let H(q)) =¢". By Lemma.
2, X is umformly adherent o 4 X N, that ig

int 33 |2(7) (5 ) - R P S '<2>

only if ¢ is weak contmuous with res peot to v(f; ,) If we assume (2) for any >0,
we can choose a net (% 7g) in 4Ax N with rn,->oo and (z, w.,) converges to @, such
tha.t for suﬂ"wlenbly 1arge e '

]w(fa) (201 ) <P(’I’(f;)) [ <s.
Since fr,,/R —0, then H; (z,,) €B, \A,,, for nq sufficiently 1arge we have

(el (1) < (BN a o) - gu(uf(f,)l)
’" (S )~ Puf ER ) —an £ ] @)
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R /“m .

and hence P* is unlformlv a,dherenb to D
‘ Now we assume that @* . Weak oontmuous with respect o { f,} Since p€ X,
by ['7], we have : ‘ ‘ '

o222 () ) > ¢<w<f,>>¢<w<g,>>

for h,(z n) GH”(AXN )y | {h,} H <oo, . Since Th EBO, there 1s a sequenoe {g,} of
H‘”(D), functions such that W(g,) -T'hy. Hence . C

Qz w<f,>h,) 2 (ST HTh )/¢ (D)=p (2 T (9) ) /o <T)
—2 ¢(W(f:))¢(ha)

and this completes the proof
. Proof of Theorem 1 Let p=6""(p). Then ¢(T) =p(L) #0. By Lemma, 4 @ can
be extended $o an evaluation homomorphism at a pomt of X Thus H(q)) =@ is

uniformly adherent to D, by Lemma. 5.
Proof of Theorem 2 Let 6~ (p) = ¢, " '

L) = SL((ra/ =0 (raf (~6))™] _,
and T(z, n)=g" 0 T p(L) = Z’”lx By Lemma. 4 Z”'H“(AXNNXCBO ‘Since
a(f)=0, p(f) EZH(AxN)|zand [p(f)1"=p(f™) €Z"H=(4% N)|z. Now
0#9(f™ =g (p(f™). Thus ¢ is not zero on Z"H=(4xN) |x, ¢(L)=(T)+0 and -
@ is unlformly adherent to D by Theorem 1.

Proof of Theorem 3 Difine g,(f) h.m a.(f), fEH“‘(D) 'I‘hen @0 € Mo DY [3] :
Let { f,} be a sequence of H *(D) funcinons with | { Firle<<oo. Le1; 2 EB \A Then

1 (Zlnon S
Qzlf,@—a,.(f,)l) 2WL< =1 ) - |d§I<II{f;}H»'a'../(Sn—'r.'.)—*O.

.Thus

(1nf2!f;—svo(ff)l) <IFH o/ 8.~ an>+Q2|a,.<f,> %(f»l)

‘Hence @, is uniformly adherent to D. If @ € Mo\ {po}, Theorem 2 shows ¢ is
uniformly adherent to D, If <pq:‘./4/o, we  assume that ¢(z) =2 E 24,. Since
(f@)=P.f(2)—a(f)— F( 20))/(2—20) is a funetlon of H"'(D) ‘whenever
fE€H>(D),

(me3 17=0(r012)" <mf<jZIPﬁfz ¢(Pf;)l> 170~ mo)l)

the first term is zero by Rosenblum’s result for open unit 'disk, and second ferm
tends to zero by the analyticity of F; on D,. Hence g is uniformly adherent o D,
' Theorem 4 is a congequence of Lemma, 1 and Theorem 3,
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Rema,rk It Would be 1nterestmg to ﬁnd a domam D cha.‘ra,cterlzed only by
the geometrlo oondliuons, such tha’ﬁ D is dense in ./4 (D) but D is not dense umfor- ‘
- mly in J/(D),
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